ABSTRACT
magnetic field components both perpendicular and p a r a l l e l t o t h e f l a t i n t e r f a c e .
The t a n g e n t i a l f i e l d component s t a b i l i z e s t h o s e waves t r a v e l i n g a l o n g t h e f i e l d l i n e s w h i l e t h e normal f i e l d is d e s t a b i l i z i n g . The a n a l y s i s i s developed through a g e n e r a l set of r e l a t i o n s f o r p e r t u r b a t i o n f i e l d and flow interfacia.1 v a r i a b l e s d e f i n e d f o r a "prototype" magnetizable f l u i d l a y e r which can be used t o d e s c r i b e t h e small s i g n a l s t a b i l i t y c h a r a c t e r i s t i c s o f l a y e r e d f l u i d systems. In a u n i f o r m t a n g e n t i a l m a g n e t i c f i e l d geometry, experimental results of the most u n s t a b l e wavelength i n a Hele-Shaw c e l l a r e shown t o a g r e e w e l l w i t h t h e o r y .
I. INTRODUCTION
The moving i n t e r f a c e between two superposed f l u i d s i n a porous medium o r i n a Hele-Shaw c e l l i s
unstable, forming penetrating fingers when t h e more v i s c o u s f l u i d i s pushed by t h e less v i s c o u s f l u i d . E a r l i e r a n a l y s i s v e r i f i e d by experiments i n a Hele-
Shaw c e l l h a s shown t h a t t h i s f i n g e r i n g i n s t a b i l i t y c a n b e s t a b i l i z e d i f a uniform magnetic field i s a p p l i e d t a n g e n t i a l t o t h e i n t e r f a c e . ' T h i s p a p e r e x t e n d s t h e e a r l i e r a n a l y s i s b y a l l o w i n g t h e u n i f o r m m a g n e t i c f i e l d t o b e a t a n a r b i t r a r y a n g l e t o t h e f l u i d i n t e r f a c e .
It i s shown t h a t t h e m a g n e t i c f i e l d component p e r p e n d i c u l a r t o t h e i n t e r f a c e i s a l w a y s d e s t a b i l i z i n g .
When t h e i n t e r f a c e r e m a i n s f l a t t h e r e a r e no m a g n e t i c f o r c e s i n a uniform field. Electromechanical coupling arises when small i n t e rf a c e d e f l e c t i o n s p e r t u r b t h e m a g n e t i c f i e l d . 4 
y 5
The t a n g e n t i a l m a g n e t i c f i e l d component o n l y s t a b i l i z e s t h o s e waves p r o p a g a t i n g i n t h e d i r e c t i o n a l o n g t h e m a g n e t i c f i e l d , h a v i n g no e f f e c t o n t r a n s v e r s e i n t e rf a c i a l waves.
EQUATIONS OF MOTION
A. Hydrodynamics W e assume t h a t t h e f l u i d of mass d e n s i t y p i n a g r a v i t y f i e l d -g i i s i n c o m p r e s s i b l e a n d t h a t t h e viscous dominated flow with velocity V through the porous medium i s described by Darcy's l a w i n c l u d i n g the magnetic body f o r c e d e n s i t y :
Manuscript received 12/28/79 *Department of E l e c t r i c a l E n g i n e e r i n g , U n i v e r s i where p i s t h e hydrodynamic pressure, q i s Darcy's c o e f f i c i e n t w h i c h d e p e n d s o n t h e r a t i o o f f l u i d v i s -M is t h e f l u i d m a g n e t i z a t i o n a n d H i s the magnetic f i e l d .
B. Magnetics
-c o s i t y t o t h e f l o w p e r m e a b i l i t y t h r o u g h t h e v o i d s , I n a magneto-quasistatic system with negligible displacement current, Maxwell's equations i n t h e absence of f r e e c u r r e n t s are:
where because there i s no f r e e c u r r e n t , t h e m a g n e t i c f i e l d i s c u r l f r e e a l l o w i n g t h e d e f i n i t i o n of t h e m a g n e t i c s c a l a r p o t e n t i a l x. p r e s s i b l e f l u i d h a s a n a s s o c i a t e d stress t e n s o r :
The m a g n e t i c f o r c e d e n s i t y i n ( 2 ) o n a n incomwhere t h e m a g n e t o s t r i c t i o n f o r c e d e n s i t y i s omitted s i n c e terms r e l a t e d t o t h e g r a d i e n t o f a scalar can b e combined with the hydrodynamic pressure and do n o t c o n t r i b u t e t o t h e d y n a m i c s o f i n c o m p r e s s i b l e media. For -magnetic permeability p(H2). The f i e l d s E , H, and
111.
A GENERAL "PROTOTYPE" LAYER As i n earlier work: i t i s c o n v e n i e n t t o i n t r oduce the planar "prototype" layer shown i n F i g . (2) where we w i l l r e l a t e t h e i n t e r f a c i a l v a r i a b l e s o f p r e s s u r e , d i s p l a c e m e n t , s c a l a r m a g n e t i c p o t e n t i a l , and'magnetic field. Since these quantities appear i n t h e i n t e r f a c i a l boundary conditions betweensuperposed l a y e r s , a multi-layered system can be easily "spliced" together avoiding the redundancy of solving the same bulk equations in each region.
The v a l u e of t h i s approach has been shown i n t h e a n a l ogous surface coupled electrohydrodynamic systems.
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Figure 2 -Planar prototype layer of incompressible, magnetizable fluid within a uniform magnetic field oblique to the interfaces.
A. E q u i l i b r i u m S o l u t i o n s
The applied uniform magnetic field oblique to t h e i n t e r f a c e i s :
The m a g n e t i c s c a l a r p o t e n t i a l i s then:
I n a u n i f o r m m a g n e t i c f i e l d t h e r e i s nomagnetic body f o r c e s o t h a t (2) becomes:
w h e r e t h e l a y e r i s assumed t o be moving upwards at v e l o c i t y V. The e q u i l i b r i u m p r e s s u r e d i s t r i b u t i o n is then:
Po .
-(nv + pg)x + constant (10) E. Hydrodynamic P e r t u r b a t i o n s W e now assume t h a t when t h e i n t e r f a c e s d e f o r m , a l l v a r i a b l e s a r e s l i g h t l y p e r t u r b e d from t h e i r e q u i l i b r i u m v a l u e s : b e c a u s e t h e p e r t u r b a t i o n m a g n e t i c f o r c e d e n s i t y is a p u r e g r a d i e n t .
p r e s s u r e term s o t h a t t h e p e r t u r b a t i o n f l o w i s i r r ot a t i o n a l a l l o w i n g t h e d e f i n i t i o n o f a p e r t u r b a t i o n v e l o c i t y p o t e n t i a l $ :
T a k i n g t h e c u r l of (13) removes the modified
Since the flow is a l s o i n c o m p r e s s i b l e , Q, sati s f i e s L a p l a c e ' s e q u a t i o n :
Because of the isotropy in y,
z , and t , l i n e a r s o l u t i o n s f o r a l l t h e p e r t u r b a t i o n v a r i a b l e s are of t h e form: which when s u b s t i t u t e d i n t o ( 1 5 ) y i e l d s : w i t h s o l u t i o n s :
W e need t o relate t h e c o e f f i c i e n t s $1 and $ 2 t o t h e i n t e r f a c i a l d i s p l a c m e n t s 6 and 6 . An i nt e r f a c e is defined by t h e e q u a t i o n :
a P where the rate of change of F for an observer moving w i t h t h e i n t e r f a c e is zero:
s o t h a t t o f i r s t o r d e r w i c h t h e e q u i l i b r i u m v a l u e s of vy and vz being zero, the velocities and displacements a t e a c h i n t e r f a c e are r e l a t e d as: 
Then from (13), the modified pressure i s :
(22) c h a r a c t e r i s t i c , small changes i n t h e m a g n e t i c f i e l d
These r e s u l t s a r e t h e same as t h e e a r l i e r t a n g --e n t i a l m a g n e t i c f i e l d a n a l y s i s , e x c e p t t h a t h e r e , H i n (13) where x' i s defined has both x and z compgnents .
B e c a u s e t h e i n t e r f a c i a l d i s p l a c e m e n t s are small, the boundary conditions of (21) and (22) were evaluated a t t h e e q u i l i b r i u m p o s i t i o n s r a t h e r t h a n a t t h e i n t e r f a c e s . S i n c e t h e p e r t u r b a t i o n f l u i d v e l o c i t y i s small, t h e d i f f e r e n c e b e t w e e n e v a l u a t i n g i t a t t h e i n t e r f a c e o r at t h e e q u i l i b r i u m p o s i t i o n i s s e c o n d o r d e r i n t h e p e r t u r b a t i o n a m p l i t u d e s . This illustrates the general approach used i n l i n earized surface deformation problems.
The boundary c o n d i t i o n a t t h e d i s t o r t e d i n t e r f a c e i s replaced by one a t t h e e q u i l i b r i u m p o s i t i o n , t h u s g r e a t l y simpl i f y i n g t h e a n a l y s i s .
However, a s t h e i n t e r f a c e s deform, i n a d d i t i o n t o p e r t u r b i n g a l l v a r i a b l e s , t h e i n t e r f a c e s f i n d themselves a t new p o s i t i o n s w i t h small changes i n t h e c q u i l i b r i u m q u a n t i t i e s a c t i n g on t h e i n t e r f a c e s . Thus a t t h e i n t e r f a c e s , l i n e a r c h a n g e s of e q u i l ib r i u m q u a n t i t i e s must be included:
Using (24) -(29) i n (23) evaluated a t x=O and x=A, t h e t o t a l p e r t u r b a t i o n p r e s s u r e s e v a l u a t e d at t h e i n t e r f a c e s are r e l a t e d t o t h e i n t e r f a c i a l d i splacements and magnetic f i e l d s a s :
Using (31) i n ( 4 ) y i e l d s :
1 ", ' Writing x' i n harmonic form:
with :
(34)
t h e x component of t h e p e r t u r b a t i o n m a g n e t i c f i e l d
is r e l a t e d t o t h e s c a l a r m a g n e t i c p o t e n t i a l and i n t e r f a c i a l d i s p l a c e m e n t s as:
IV. TWO SUPERPOSED LAYERS W e w i l l a p p l y t h e g e n e r a l r e l a t i o n s o f ( 3 0 ) and ( 3 9 ) t o t h e two layer system shown i n F i g . ( 3 ) where t h e f l u i d w i t h p r o p e r t i e s p2, Il2 f i l l s t h e u p p e r i n f i n i t e h a l f s p a c e a b o v e a magnetizable fluid with p r o p e r t i e s p1, q l . The i n t e r f a c e h a s s u r f a c e t e ns i o n y and moves upwards a t v e l o c i t y V. Using the equation of t h e i n t e r f a c e F i n ( 1 9 ) , t h e i n t e r f a c i a l normal vector is i n t h e d i r e c t i o n : and has an equilibrium component i n t h e x d i r e c t i o n and p e r t u r b a t i o n components due t o t h e i n t e r f a c i a l d e f o r m a t i o n i n t h e y and z d i r e c t i o n s .
t h a t t h e p r e s s u r e jump a c r o s s t h e i n t e r f a c e b a l a n c e t h e s u r f a c e t e n s i o n and magnetic stresses. W e a l s o r e q u i r e t h a t t h e -t a n g e n t i a l component of
H and normal component of B be continuous across the i n t e r f a c e , b o t h i n e q u i l i b r i u m :
'i j -and f o r p e r t u r b a t i o n s .
W e write t h e f i r s t o r d e r c o n t r i b u t i o n s t o t h e c o n t i n u i t y
of t a n g e n t i a l H as:
( 4 4 )
These conditions i n terms of t h e s c a l a r m a g n e t i c p o t e n t i a l a r e :
( 4 5 ) s o t h a t b o t h r e l a t i o n s i n ( 4 4 ) a r e i d e n t i c a l and show t h a t t h e i n t e r f a c i a l m a g n e t i c s c a l a r p o t e n t i a l is c o n t i n u o u s a c r o s s t h e i n t e r f a c e :
where x 1 (0) and i 2 (0) a r e t h e p e r t u r b a t i o n p o t e n t i a l s on each of the interfaces_evaluated a t t h e f l a t eq-
u i l i b r i u m p o s i t i o n w h i l e x i s evaluated at the curr e n t p o s i t i o n of t h e i n t e r f a c e . a l s o b e c o n t i n u o u s a c r o s s t h e i n t e r f a c e :
The perturbation normal component of x Eust
which t o f i r s t o r d e r y i e l d s :

Using ( 4 8 ) w i t h ( 3 1 ) y i e l d s : ( 4 9 )
From t h e t r a n s f e r r e l a t i o n s of ( 3 9 ) with A + 00 and t a k i n g t h e real p a r t of y1 to b e p o s i t i v e we have:
which when s z b s t i t u t e d b a c k i n t o ( 4 4 ) allows us t o r e l a t e X t o 5 as:
The x component of t h e f o r c e b a l a n c e e q u a t i o n i n ( 4 1 ) i s :
where from ( 5 ) 
s c o n t i n u o u s a c r o s s t h e i n t e r f a c e a s found by using the boundary conditions of ( 4 2 ) . The o n l y f i r s t o r d e r m a g n e t i c stress i s then: which when evaluated on e a c h s i d e o f t h e i n t e r f a c e y i e l d s :
Using (50) i n ( 5 6 ) , t h e d i f f e r e n c e i n stress a c r o s s t h e i n t e r f a c e i s :
W e s i m i l a r l y u s e ( 3 0 ) with (50) to relate t h e p e r t u r b a t i o n i n t e r f a c i a l p r e s s u r e s t o t h e i n t e r f a c i a l displacement and scalar magnetic potential:
where without loss of generality we t a k e a l l wavenumbers t o b e p o s i t i v e . Then using (57) and (58) 
I f s has a n e g a t i v e r e a l p a r t , a n y p e r t u r b a t i o n decays with time w h i l e i f s i s p o s i t i v e , t h e s y s t e m i s u n s t a b l e a s a n y p e r t u r b a t i o n g r o w s e x p m e n t i a l l y with time.
V. With no m a g n e t i c e f f e c t s t h e u n s t a b l e wavenumbers extend over the range: w h i l e s u r f a c e t e n s i o n s t a b i l i z e s t h e l a r g e r wavenumbers (short wavelengths).
STABILITY CHARACTERISTICS
A . No Magnetic Field G r a v i t y s t a b i l i z e s t h e s y s t e m i f t h e h
B. g p e t i c E f f e c t s On t h e r i g h t hand s i d e o f ( 5 9 ) , t h e m a g n e t i c f i e l d component p e r p e n d i c u l a r t o t h e i n t e r f a c e (H )
t e n d s t o make s p o s i t i v e a n d t h u s d e s t a b i l i z e t h e s y s t e m w h i l e t h e t a n g e n t i a l m a g n e t i z a t i o n (MZ) t e n d s t o make s n e g a t i v e a n d t h u s s t a b i l i z e t h e s y s t e m f o r w a v e s t r a v e l i n g i n t h e z d i r e c t i o n ( k # O ) Transverse waves (k =O) a r e u n a f f e c t e d by t h e t a z g -X e n t i a 1 m a g n e t i c f i e l d a n d are d e s t a b i l i z e d b y t h e p e r p e n d i c u l a r f i e l d .
We f o c u s a t t e n t i o n o n t h e most s t a b i l i z i n g cond i t i o n w h e r e t h e m a g n e t i c f i e l d i s p u r e l y t a n g e n t i a l t o t h e i n t e r f a c e (H 4 ) . where :
so t h a t t h e c r i t i c a l wavenumber when s i s j u s t z e r o is :
w i t h s o l u t i o n :
where
n s i n t h e t r a n sf e r r e l a t i o n s o f ( 3 0 ) a n d ( 3 9 ) i n t h e limit as A -+ m.
( 6 7 )
Thus i n ( 6 4 ) and ( 6 6 ) 
The s h o r t e s t u n s t a b l e w a v e l e n g t h hc =
/kZc 2a
and t h e f a s t e s t growing wavelength X* = /kz* a r e p l o t t e d t o g e t h e r w i t h m e a s u r e m e n t s o f f i n g e r spacing as d e s c r i b e d i n t h e n e x t s e c t i o n i n F i g .
( 4 )
versus the parameter G when W = 0 and i n F i g . ( 5 ) 
For all numerical values i t i s necessary t o use S I u n i t s b a s e d o n t h e r a t i o n a l i z e d
MKSA u n i t s .
Shaw c e l l w i t h a magnetic field imposed tangential t o t h e i n t e r f a c e as shown i n F i g . ( 6 ) . Wound c o i l magnets were designed i n a Helmholtz-like configuraExperiments were performed i n a v e r t i c a l Helet i o n g i v i n g a n e s s e n t i a l l y u n i f o r m m a g n e t i c f i e l d at t h e c e n t e r of the system. Magnetic fieldmeasurements showed t h a t o v e r t h e o p e r a t i n g l e n g t h of t h e Hele-Shaw c e l l , t h e m a g n e t i c f i e l d s t r e n g t h i n c r e a s e d by 9% over its minimum v a l u e w h i l e a l o n g t h e i n t e rf a c e t h e m a g n e t i c f i e l d s t r e n g t h i n c r e a s e d by 7%
from t h e c e n t e r t o t h e o u t e r e d g e s . Most of our experiments had an applied magnetic field of B = 310 g a u s s ( . 0 3 1 t e s l a s ) a t t h e c e n t e r o f t h e i n t e r f a c e w i t h r e s u l t i n g m a g n e t i z a t i o n g i v e n i n P i g . ( 1 ) as u, Mz= 100 gauss ( . 0 1 t e s l a s ) . I n t h i s r e g i o n o f t h e m a g n e t i z a t i o n c u r v e , a 9% i n c r e a s e i n m a g n e t i c f i e l d o n l y i n c r e a s e s t h e m a g n e t i z a t i o n by about 1%. The Hele-Shaw c e l l had p l a t e s p a c i n g d = 10-3m and w a s about 0 . 1 m wide and one(1) meter high and used t h e f e r r o m a g n e t i c l i q u i d , whose magnetization chara c t e r i s t i c i s shown i n Fig. (1) s o t h a t t h e mass d e n s i t y and v i s c o s i t y of the blend could be varied. For one set of tests t h e i n t e r f a c i a l t e nsion between the blend and the ferrofluid was lowered by adding a s u r f a c t a n t Tween 21. Table  1 .255 185cc of I n h i b i s o l I n t e r f a c i a l s u r f a c e t e n s i o n a g a i n s t t h e f e r r o m a g n e t i c l i q u i d =(.010 N / m w i t h o u t s u r f a c t a n t .005 N / m w i t h s u r f a c t a n t Tween 21 Table 1 P h y s i c a l p r o p e r t i e s o f m a t e r i a l s used i n Hele-Shaw c e l l tests.
Videotapes were t a k e n a s t h e p u s h e r f l u i d f i n g e ri n g i n s t a b i l i t y d e v e l o p e d f o r v a r i o u s f l o w v e l o c i t i e s V and for various values of applied magnetic field. I n F i g . (7), w e show t h e e a r l y a n d l a t e r d e v e l o p m e n t of f i n g e r s w i t h a n d w i t h o u t a uniform magnetic field. By reviewing and stopping the videotape, i t was poss i b l e t o m e a s u r e t h e d i s t a n c e s b e t w e e n f i n g e r s a t v e r y e a r l y s t a g e s i n t h e i r development when t h e l i ne a r s t a b i l i t y a n a l y s i s i s appropriate. These finger s p a c i n g s s h o u l d e x c e e d t h e c r i t i c a l w a v e l e n g t h X = 2ar/kz2 and would be expected to be near the wavelengths of the fastest growing waves X* = 2T/k * a s p l o t t e d i n F i g s .
( 4 ) and (5). The v a r i a t i o n i n f i n g e r s p a c i n g i n Fig. (7) a r i s e s b e c a u s e a l l wavel e n g t h s l o n g e r t h a n X are unstable. There are a l s o some end e f f e c t s due t o t h e p r e s e n c e of t h e s i d e walls which are n o t a c c o u n t e d f o r i n t h e t h e o r y . Figure ( 7 ) A u n i f o r m m a g n e t i c f i e l d t a n g e n t i a l t o t h e i n t e r f a c e i s s t a b i l i z i n g and t e n d s t o d e c r e a s e t h e finger growth r a t e and i n c r e a s e s t h e s p a c i n g between f i n g e r s . The m a g n e t i c f l u i d is dark and p u s n e s t h e clear o i l Iron? below with i n t e r f a c i a l v e l o c i t y ( a ) V=1.56 mm/s and ( b ) V=6.27 mm/s
